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Chain of Thought and RL



Scratchpads

• Teaching the model to provide rationale 
(e.g., computations) instead of just 
predicting the final answer. 



Chain of Thought
• LLMs can generate rationale without explicit training:


• “Think step by step”


• Few-shot CoT



Review

• Scratchpad/CoT improves both the expressivity and learning.


• With a granular scratchpad, any poly-time algorithm can be taught to a LM.


• We should keep the globality of our scratchpads low. 


• Length generalization and its relation to positional embeddings.


• Relative positional embeddings are often better than absolute ones. 


• However, they’re not enough and other ideas such as attention masking 
should be used. 



Tool calling

• Addition can be hard to learn, it’s also not very efficient 


• Let’s just call a calculator!


• At training, we only need to  
exclude the output of the tool 
from the next-token prediction loss. 


• At inference, we call the tool. 


• Can increase efficiency and  
reliability. 



Vision Transformers (ViT)

• Transformers can be also used on images.


• Each image is broken into patches, and 
patches are treated as tokens. 


• Often 14x14 or 16x16 patches.


• We often use an encoder-only model.


• Having bidirectional attention.


• Using a classification token: <CLS> token 



A few local features (e.g., patches) provide significant information on the output.


    => Common image classification is a local task. 

Most vision tasks are local

Probabilities given the two patches 

Persian cat: 0.38 
Egyptian cat: 0.15 
tiger cat: 0.08 
Siamese cat: 0.02 
…
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Not all visual tasks are local
How many strings are in the image? One or two? 

 
 
 
 

Single patches are uninformative on the output —> global reasoning is needed.
8

Humans can’t solve this task 
instantaneously either.


=> System II reasoning for vision.   

[Lotfi et al., 2024]



More examples

Cycles task PVR task
9[Lotfi et al., 2024]



Not all tasks are local

“Perceptrons can’t distinguish these figures.” 

- Current neural networks don’t have  
expressivity issues.  
But, can they learn to distinguish such figures?

Perceptrons by M. Minsky & S. Papert, 1972

10[Lotfi et al., 2024]



More examples Are the two points connected?

Yes

No

11[Lotfi et al., 2024]



• E.g., training a ViT with 1M samples of strings task with 16 nodes:


• Using pre-trained models is not helpful. 


• Issue: high globality

These tasks are not (efficiently) learnable
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There tasks are also hard for SOTA multi-modal LLMs.

13[Lotfi et al., 2024]



Solution: what would humans do?

• Classical (and local) vision tasks are often solved by humans instantly and 
intrinsically.


• Global tasks require thinking —> we may need to write something down or 
annotate the image, etc.

14

Chain-of-Sketch
[Lotfi et al., 2024]



Solution: what would humans do?

• Classical (and local) vision tasks are often solved by humans instantly and 
intrinsically.


• Global tasks require thinking —> we may need to write something down or 
annotate the image, etc.
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Chain-of-Sketch
[Lotfi et al., 2024]



Single-frame Chain-of-Sketch

Training the model to predict the underlying solution is helpful. 


label: 0 

Model

100

90

80

70

60

50

40
0

No Chain-of-Sketch 
Single-frame Chain-of-Sketch

20000 40000 60000 80000 100000
Iteration

Ac
cu

ra
cy

16[Lotfi et al., 2024]



• Training the model to predict the underlying solution in multiple frames.


• Each time the model predicts the next frame using only the previous frame.

Inductive Chain-of-sketch

Model

label: 0

Model

Model

Halt: 0 Halt: 0

Halt: 1

Benefits: 
- learning with smaller models 
- better OOD generalization 
as the model can simply 
increase number of steps. 

17
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Inductive Chain-of-sketch—benefits

+ Better OOD generalization as the model 
can simply increase number of steps. 
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+ Learning with smaller models

[Lotfi et al., 2024]



• We observed that the learning process of the scratchpad is hierarchical.


• This is connected to the staircase phenomenon observed/proved when 
learning Boolean functions. 

Hierarchical learning of the single-frame CoS

5k 10k 20k 25k 35kIteration:

[E Abbe, E Boix, T Misiakiewicz ’22 & ’23]

Model’s  
output:

Output with 
higher  
contrast:

19[Lotfi et al., 2024]



Takeaway: We need to train models with high 
quality CoT data to improve their reasoning.

How to obtain such data?



Focus: Mathematical Reasoning
• There are datasets of math problems and solutions (with steps).


• Issue: Limited size.


• Can we get more data?

GSM8k [Cobbe et al. 2021] MATH [Hendrycks et al. 2021]



Generating more data
Using the model itself

• Feature of (some) math datasets: having a final answer —> easy verification


• Not true for theorems —> using formal math (e.g., Lean)


• How to generate data using the model?


• Give questions to the model and generate solutions. 


• Check the final answers and keep the correct ones. (slightly error prone)


• Fine tune the model on the correct solutions. 



Generating more data
STaR

Wasting incorrect solutions :(



Reinforcement Learning



Sources

Alignment and RL 
for LLMs

Caglar Gulcehre and Volkan Cevher
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Reinforcement learning (RL)

• Reinforcement learning: Learning through 
experience/data to make good decisions under 
uncertainty.


• Builds strongly from theory and ideas starting in 
the 1950s with Richard Bellman. 


• Commonly used for robotics.


• Impressive success cases:


• math, physics (nuclear fusion), games, 
finance, …





RL properties

• Delayed consequences


• Decisions now can impact things much later.


• E.g., Saving for retirement, actions in a game, or actions of a robot. 


• Challenges:


• When planning: decisions involve reasoning about not just immediate 
benefit of a decision but also its longer term consequences.


• When learning: temporal credit assignment is hard (what caused later high 
or low rewards?)



RL properties
Web advertising



RL properties

• RL: Learning about the world by making decisions


• Learn to ride a bike by trying (and failing)


• We want a mapping from current state to the action


• However, the space of states is usually very large


• E.g., in (video) games or robotics


• A simple video game frame, may contain 200x300 resolution, and each 
pixel can have  values. 2563



RL properties

• History 


• State is information assumed to determine what happens next Function of 
history: 


• Markov assumption


• Information state: sufficient statistic of the history


•  (next state might not be deterministic) 


• In practice we may assume that 

ht = (a1, o1, r1, …, at, ot, rt)

st = (ht)

ℙ(st+1 |st, at) = ℙ(st+1 |ht, at)

ot = st



Markov Decision Process (MDP)
•  is a set of Markov states. 


• We have a set of actions .


• We have a transition function specifying .


• We have reward function .


• Discount factor .


• Total reward is computed by 


• Preferring earlier rewards (like humans)


• If horizon is finite, we can use .

S

A

ℙ(st+1 = s′￼|st = s, at = a)

R(st = s, at = a) = 𝔼[rt |st = s, at = a]

γ ∈ [0,1]

r1 + γr2 + γ2r3 + ⋯

γ = 1



Markov Decision Process (MDP)

• Policy: π(a |s) = ℙ(at = a |st = s)

π πππ

Vπ = Rπ + γPπVπ



Markov Decision Process (MDP)

Policy: 


State-action value: 


How to find the optimal policy? (Assuming finite states)


• Policy iteration


• Compute values for a policy and use it to get a better policy.


• Value iteration


• Compute optimal value for horizon  and then .

π(a |s) = ℙ(at = a |st = s)

Qπ(s, a) = R(s, a) + γ∑
s′￼

P(s′￼|s, a)Vπ(s′￼)

k k + 1



RL for LMs
Agent (policy) = language model



LMs and RL

Policy is parametrized: 


Goal: maximize 


We need to compute the policy gradient  


• assuming  is differentiable


 where  presents a trajectory 

πθ(s, a) = ℙ(a |s; θ)

V(θ) := V(s0, θ)

∇θV(s0, θ)

πθ

V(θ) = ∑
τ

ℙ(τ; θ)R(τ) τ (s0, a0, r0, …)



Policy Gradient

Approximation using  samples under :m πθ



Policy Gradient
Approximation using  samples under :m πθ

score function



where is the return. Gt =
T−1

∑
k=t

γk−tRk+1



Generating more data
STaR

STaR is very similar to REINFORCE



Policy Gradient with baseline
We can deduct a baseline value from the return:


+ The estimator remains unbiased.


+ We can reduce the variance. 


•  In particular the expected return or the state-value  is a great baseline.


• We’d like to assess how much the return is better/worse than the average.


• We call  the advantage. 

Vπ(s)

Gt − b(st) = Gt − Vπ(st) = Aπ(st, at)

(wlog )γ = 1



Challenges of policy gradient 
• Distance in parameter space vs. distance in policy space


• Choosing the right learning rate can be hard. —> stability issues.  


• Sample efficiency is poor.


• PG is on-policy => we need to get rid of the data after each gradient step.


• Ideally we’d like to use old data for multiple gradient steps.


• Solution: We can use samples from the old policy, as long as:


• Policies are close, in particular, low KL divergence.


• Importance sampling weight is included.  



Challenges of policy gradient 
• Assuming  is small, we can equivalently find  maximizing: 
 
 
 
 
 
where  is the old policy. 

DKL(π′￼∥π) π′￼

π

stability challenge



Proximal Policy Optimization 
(PPO)

• Using KL penalty: 


• Using clipped objective:  
 
 
where .rt(θ) = πθ(at |st)/πθk

(at |st)



Proximal Policy Optimization (PPO)

Advantage is often estimated by learning a separate value model, e.g.,
At = Gt − Vϕ(st)



Group Relative Policy Optimization (GRPO)

• GRPO generates multiple trajectories per question, and uses the averaged 
(normalized) reward as advantage. —> no need for a value model!

Ai =
ri − mean(r)

std(r)
GRPO is now commonly used 
for training reasoning models.



Sparse rewards problem

• Hard questions may not provide any reward.


• Solutions:


• Using a curriculum: training on simpler questions first.


• Helping the model by making the question easier.


• Process Reward Model (PRM): rewarding individual steps of the solution. 


